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ON THE (K.2) SUPERCONGRUENCE OF VAN HAMME
ROBERT OSBURN AND WADIM ZUDILIN
Abstract. We prove the last remaining case of the original 13 Ramanujan-type supercongru-
ence conjectures due to Van Hamme from 1997. The proof utilizes classical congruences and a
WZ pair due to Guillera. Additionally, we mention some future directions concerning this type
of supercongruence.
1. Introduction
In his second notebook, Ramanujan recorded the following formula for 1/pi (see [1, p. 352]):
∞∑
n=0
(12 )
3
n
n!3
(42n + 5)
1
64n
=
16
pi
, (1.1)
which he later reproduced in [11] together with other similar instances that would revolutionize
the history of computing pi in the 1980’s. Here and throughout, we use the Pochhammer symbol
(a)n := Γ(a + n)/Γ(a) for the quotient of two gamma functions, so that (a)0 = 1 and (a)n =
a(a+ 1)(a+ 2) · · · (a+ n− 1) if n is a positive integer.
Curiously, a proof for (1.1) was not discovered until 1987 [2]. In 1997, Van Hamme conjectured
a p-adic analogue of (1.1), namely:
Entry (K.2) (Van Hamme [13]). Let p be an odd prime. Then
p−1
2∑
n=0
(12 )
3
n
n!3
(42n + 5)
1
64n
≡ 5p(−1)
p−1
2 (mod p4).
Entry (K.2) is one of 13 Ramanujan-type supercongruence conjectures originally due to Van
Hamme [13]. The other 12 have now been proven using a variety of techniques. For exam-
ple, Van Hamme [13] himself used properties of certain orthogonal polynomials to prove cases
(C.2), (H.2) and (I.2). Kilbourn [5] applied Greene’s hypergeometric series [3] in order to settle
case (M.2), while McCarthy and the first author [8] combined this approach with Whipple’s
transformation to prove (A.2). Mortenson [10] then used a similar argument to deal with (B.2).
The second author [16] adopted the method of Wilf–Zeilberger (WZ) pairs to not only give
another proof of (B.2), but demonstrate several new Ramanujan-type supercongruences. Long
[6] utilized a combination of combinatorial identities, p-adic analysis and transformations to-
gether with “strange” evaluations of ordinary hypergeometric series due to Gosper, Gessel and
Stanton to give yet another proof of (B.2) and prove (J.2). Recently, this strategy has been
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successfully executed by Swisher [12] to also handle cases (E.2), (F.2), (G.2) and (L.2). Fi-
nally, Long and Ramakrishna [7] showed (D.2) using a “pertubed” 7F6 hypergeometric series
and Dougall’s formula. The purpose of this paper is to prove the last remaining case of Van
Hamme’s conjectures:
Theorem 1.1. Van Hamme’s supercongruence (K.2) is true.
We prove Theorem 1.1 in Section 2 using classical congruences of Wolstenholme and Morley
and a WZ pair due to Guillera. In Section 3, we make some remarks concerning future study.
2. Proof of Theorem 1.1
We first require two preliminary results.
Lemma 2.1. Let p > 3 be prime. Then
p−1∏
k=1
(p+ 2k) ≡ (−1)
p−1
2
p−1
2∏
k=1
(2k − 1)2 (mod p3).
Proof. We have
p−1∏
k=1
(p+ 2k) =
p−1
2∏
k=1
(2p + (2k − 1))(2p − (2k − 1)) = (−1)
p−1
2
p−1
2∏
k=1
((2k − 1)2 − (2p)2)
= (−1)
p−1
2
p−1
2∏
k=1
(2k − 1)2 ·
(
1− (2p)2
(
1
12
+
1
32
+ · · · +
1
(p− 2)2
)
+O(p4)
)
≡ (−1)
p−1
2
p−1
2∏
k=1
(2k − 1)2 (mod p3).
Here we have used that
1
12
+
1
32
+ · · · +
1
(p − 2)2
= H
(2)
p−1 −
1
4
H
(2)
p−1
2
and for primes p > 3 [14]
H
(2)
p−1 ≡ H
(2)
p−1
2
≡ 0 (mod p), (2.1)
where H
(i)
n :=
∑n
j=1 j
−i are the generalized harmonic numbers. 
Lemma 2.2. Let p be an odd prime. Then
p∑
k=2
(−1)k
(12 ) p−1
2
+k(
1
2)
2
p+1
2
−k
(1)p+1−k
≡ 0 (mod p3). (2.2)
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Proof. One can directly confirm the desired congruence for p = 3. Summing over n = p+ 1− k
instead we can write
p∑
k=2
(−1)k
(12 ) p−1
2
+k(
1
2 )
2
p+1
2
−k
(1)p+1−k
=
(1 + p2 )p
(12 ) p+1
2
p−1∑
n=1
(−p2 )
2
n
n!(−3p2 )n
=
(1 + p2 )p
(12 ) p+1
2
·
(−p2 )
2
−3p
2
p−1∑
n=1
(1− p2)
2
n−1
n!(1− 3p2 )n−1
= −
(1 + p2 )p
(12 ) p+1
2
·
p
6
p−1∑
n=1
(1− p2)
2
n−1
n!(1− 3p2 )n−1
.
Thus, it suffices to show
p−1∑
n=1
(1− p2 )
2
n−1
n!(1− 3p2 )n−1
≡ 0 (mod p2) (2.3)
for p > 3. Using
(1 + ε)k = (1 + ε)(2 + ε) · · · (k + ε) = k!
(
1 + εH
(1)
k +O(ε
2)
)
,
we have
(1− p2)
2
n−1
n!(1− 3p2 )n−1
=
(n− 1)!2
(
1− p2H
(1)
n−1 +O(p
2)
)2
n! (n − 1)!
(
1− 3p2 H
(1)
n−1 +O(p
2)
) = 1
n
(
1 +
p
2
H
(1)
n−1 +O(p
2)
)
for n = 1, . . . , p− 1. We thus obtain
p−1∑
n=1
(1− p2)
2
n−1
n!(1− 3p2 )n−1
≡ H
(1)
p−1 +
p
2
p−1∑
n=1
H
(1)
n−1
n
(mod p2).
It remains to use [14] H
(1)
p−1 ≡ 0 (mod p
2) and (2.1) for p > 3 and
2
p−1∑
n=1
H
(1)
n−1
n
= 2
∑
1≤k<n≤p−1
1
kn
=
(
H
(1)
p−1
)2
−H
(2)
p−1.
This establishes (2.3) and thus (2.2) for p > 3. 
We can now prove our main result.
Proof of Theorem 1.1. Recall that a pair of rational functions F (n, k) and G(n, k) form a WZ
pair if they satisfy
F (n, k − 1)− F (n, k) = G(n + 1, k)−G(n, k). (2.4)
The functions (see [4] or [16])
F (n, k) = (84n2 − 56nk + 4k2 + 52n− 12k + 5)
(−1)k(12)n(
1
2)n+k(
1
2 )
2
n−k
24n(1)2n(1)2n−k+1
and
G(n, k) = 64n2
(−1)k(12 )n(
1
2 )n+k−1(
1
2)
2
n−k
24n(1)2n(1)2n−k
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satisfy (2.4) since after division of both sides by G(n, k), one only needs to check that
−
(84n2 − 56kn + 108n + 4k2 − 20k + 21)
(
1
2 + n− k
)2
64n2(2n− k + 2)(2n − k + 1)
−
(84n2 − 56nk + 4k2 + 52n − 12k + 5)
(
n+ k − 12
)(
2n− k + 2)
64n2(2n− k + 1)(2n − k + 2)
=
(
1
2 + n
)(
n+ k − 12
)(
1
2 + n− k
)2
16n2(2n − k + 2)(2n − k + 1)
− 1.
Summing (2.4) over n = 0, . . . , p−12 , we obtain (via telescoping)
p−1
2∑
n=0
F (n, k − 1)−
p−1
2∑
n=0
F (n, k) = G
(p+ 1
2
, k
)
, (2.5)
where we have used that G(0, k) = 0. Summing (2.5) over k = 1, . . . , p, we then obtain
p−1
2∑
n=0
F (n, 0) =
p−1
2∑
n=0
F (n, p) +
p∑
k=1
G
(p+ 1
2
, k
)
= F
(p− 1
2
, p
)
+
p∑
k=1
G
(p+ 1
2
, k
)
, (2.6)
where we have used that F (n, k) = 0 if 2n − k + 1 < 0 because of the presence of (1)2n−k+1 in
the denominator. It now suffices to show
F
(p− 1
2
, p
)
≡ 6p(−1)
p−1
2 (mod p4) (2.7)
and
p∑
k=1
G
(p+ 1
2
, k
)
≡ p(−1)
p+1
2 (mod p4). (2.8)
We first consider (2.7). As
(1
2
)
p−1
2
+p
=
(1
2
)
p−1
2
p−1∏
k=0
(p
2
+ k
)
,
(12) p−1
2
(1)2p−1
2
=
(p−1
p−1
2
)
2p−2(p− 1)(1) p−3
2
(2.9)
and for primes p > 3 [9] (
p− 1
p−1
2
)
≡ (−1)
p−1
2 22p−2 (mod p3), (2.10)
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we have
F
(p− 1
2
, p
)
= 3p2
(
(12 ) p−1
2
(12) p−1
2
+p(
1
2 )
2
p−1
2
−p
22(p−1)(1)2p−1
2
)
≡ 3p2
((1
2
)2
p−1
2
−p
p−1∏
k=0
(p
2
+ k
))
(mod p4)
≡ 6p
p−1∏
k=1
(p+ 2k) ·
(p−1
2∏
k=1
(2k − 1)2
)−1
(mod p4). (2.11)
Here, we have used that
(a)−n =
n∏
k=1
1
a− k
.
Thus, (2.7) follows from (2.11) and Lemma 2.1. We now use (2.9) and (2.10) to obtain
G
(p+ 1
2
, k
)
=
32p
22p+2
(−1)k
(
(12 ) p−1
2
(1)2p−1
2
)
(12 ) p+1
2
+k−1(
1
2 )
2
p+1
2
−k
(1)p+1−k
≡
p(−1)
p−1
2
+k
2p−2(1) p−1
2
(12) p−1
2
+k(
1
2 )
2
p+1
2
−k
(1)p+1−k
(mod p4). (2.12)
So, (2.9), (2.10) and (2.12) imply
G
(p+ 1
2
, 1
)
≡ (−1)
p+1
2 p (mod p4). (2.13)
Summing (2.12) over k = 2, . . . , p, then applying Lemma 2.2 and (2.13) yields (2.8). The result
now follows from (2.6)–(2.8) and checking the p = 3 case. 
3. Concluding remarks
It is still not known if there exists a general framework which explains this type of supercon-
gruence. Such a theory is especially desirable both as it appears that all known Ramanujan-type
series for 1/pia, a ≥ 1, have p-adic analogues and all of Van Hamme’s original 13 conjectures
have extensions. For example, it has been recently conjectured in [12] that if we let S(N) denote
the sum in (1.1) truncated at N , then
S
(pr − 1
2
)
≡ p(−1)
p−1
2 S
(pr−1 − 1
2
)
(mod p4r)
for all primes p > 2 and integers r ≥ 1; for a list of these conjectural extensions, please see [12].
This pattern continues as for the conjectural evaluation [15]
∞∑
n=0
(12)
7
n
n!7
(168n3 + 76n2 + 14n + 1)
1
26n
=
32
pi3
, (3.1)
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we also expect the monstrous supercongruence
S˜
(pr − 1
2
)
≡ p3(−1)
p−1
2 S˜
(pr−1 − 1
2
)
(mod p8r)
to be true for primes p > 2, p 6= 5 (for p = 5, replace p8r with p8r−1) where S˜(N) is the sum in
(3.1) truncated at N . This is part of a general phenomenon that has to be understood.
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